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ABSTRACT

In this paper, we present a novel monopodal hopping robot

through a systematic overview of the robot’s hardware, software,

and control framework. The REx Hopper is a reaction wheel-

controlled monopodal hopping robot designed to perform highly

dynamic leaping maneuvers with inertial reorientation. The de-

sign takes advantage of reaction wheels to minimize complexity

and inertial behavior while maintaining controllability, and car-

ries a powerful onboard computer to run expensive control algo-

rithms. We present a hybrid floating-body model predictive con-

trol framework which allows the robot to track sinusoidal hop-

ping reference trajectories online using either point mass dynam-

ics or centroidal dynamics. This approach is compared to a more

conventional Raibert hopping method. Through our systems ap-

proach to hardware, software, and control design, we achieve

successful dynamic behavior on several hopping reference tra-

jectories in simulation.

NOMENCLATURE
α Angular acceleration

∆t Timestep size (seconds)

A Amplitude (meters)

J Polar moment of inertia

µ Coefficient of friction

ω Motor speed in (radians/s)

φ Gait phase

φshift Phase shift

φswitch Gait switching phase

ψ Yaw angle

τ Motor torque (Nm)

A State matrix

B Input matrix

C Contact map

f Force vector

G Gravity vector

h Starting height (meters)

I Inertia matrix

i Current (A)

J Forward kinematic Jacobian matrix

k Timestep

KT Motor torque constant (Nm/A)

m Body mass (kg)

P Power (W)

R Rotation matrix

r Armature resistance (Ohms)

T Gait period (seconds)

t Time (seconds)

U Control vector

V Voltage (V)

X State vector

AHRS Attitude and Heading Reference System

CFRP Carbon Fiber Reinforced Polymer

CoM Center of Mass

IMU Inertial Measurement Unit

MPC Model Predictive Control/Controller

PID Proportional-Integral-Derivative
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FIGURE 1: Annotated rendering of the REx Hopper

1 INTRODUCTION

Thanks to a combination of improved actuation and control

methods, great advances are being made in the field of legged

robots with quadrupedal and bipedal morphologies. As the com-

plexity of these robots increases and the goalposts for dynamic

behavior shift, the choice of dynamics model becomes increas-

ingly important. While a full body dynamics model will usually

provide more accurate prediction, its nonlinearity often makes it

impractical for real-time applications. Furthermore, the increase

in state dimension greatly increases computation time. On the

other hand, many successful approaches to dynamic robot mo-

tion in recent years, such as the Mini Cheetah [1], Hume [2], and

Cassie [3], and have made extensive use of simplified, lumped

mass dynamics models with model predictive control. However,

these solutions are limited in their ability to track complex center

of mass (CoM) reference trajectories. For more dynamic behav-

ior, such as performing backflips, Katz et al. used offline nonlin-

ear optimization with a more complex dynamics model [4]. This

is because the use of simplified, lumped mass dynamics can in-

troduce inaccuracies in a robot with complex inertial behavior.

Therefore, regardless of whether a full body or simplified dy-

namics model is used, complex inertial behavior is an obstacle in

the path of an accurate and robust control system.

In the face of such a challenge, it is useful to consider the

problem not just from a controls perspective but also a design

perspective. One way to drastically reduce complex inertial be-

havior is to use a momentum control system composed of re-

action wheels, as reaction wheels can provide precise internal

torque control without altering the total inertia dyadic of the sys-

tem [5]. And with the use of reaction wheels to handle internal

torque control, it becomes possible to reduce the inertial com-

plexity of the system further by using only one leg to traverse a

3-dimensional environment.

Many monopod jumping robots have been developed over

the years, but few are designed to confront the state of the art

in dynamical controls. Of the hoppers capable of continuous

athletic hopping, a large portion of them, such as [6], are con-

strained to a 2D plane and require external support or a tether.

Salto-1P [7], the 3D One-Leg Hopper [8], and the Disney single-

legged hopper [9] were capable of 3 dimensional traversal. How-

ever, the 3D One-Leg Hopper was both powered and controlled

externally, Salto-1P is too small to carry significant computa-

tional power, and the Disney hopper is somewhat limited in its

dynamic capabilities due to its design. Furthermore, none of the

three have yet been implemented with optimal control.

As such, we present the REx Hopper (Fig. 1) as a testbed

for state-of-the-art control algorithms, including contact-implicit

model predictive control [10]. The REx Hopper is a monopodal

hopping robot with reaction wheels designed to perform highly

dynamic leaping maneuvers with inertial reorientation.

In this work, we provide an overview of the REx Hopper’s

hardware design, software design, and control framework. We

then demonstrate the use of MPC with a lumped-mass dynamics

model to allow the REx Hopper to track a sinusoidal hopping

trajectory. Finally, we discuss results and future work.

2 HARDWARE DESIGN

The REx Hopper is meant to serve as a platform for test-

ing control algorithms involving dynamic leaping maneuvers. As

such, the design prioritizes maximum flight time per unit mass,

mid-air maneuverability, impact mitigation, and force proprio-

ception. The robot has three reaction wheels: two for the pitch

and roll axes, and one for the yaw axis. Two actuators power the

Hopper’s single leg.

An iterative model-simulate-test cycle played a substantial

role in the overall design of the REx Hopper. An important driv-

ing factor in the design of the robot’s overall shape was the lo-

cation of the center of mass (CoM). During early simulations, it

was found that excessive reaction torques were being generated

during the push-off phase of the robot’s gait due to a relatively

small CoM offset. Because of this, the robot’s components are

arranged to keep its CoM as close to the hip axis as possible.

2.1 Scale

The REx Hopper weighs approximately 8 kg. As a gen-

eral rule, the less massive a robot is, the better its performance

in terms of relative jump height and impact mitigation. How-

ever, design requirements for this project bounded the REx Hop-

per’s minimum size. For example, whereas most hopping robots

lack on-board computing power, one the REx Hopper requires
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a powerful on-board computer to run MPC online. In addition,

available actuators, controllers, and other components limited the

practical size of the robot given the time frame involved.

2.2 Actuator Design

Quasi-direct drive (QDD) actuators, typically permanent

magnet synchronous outrunner motors with large air gap radii

connected to single stage planetary gearing, have taken the fore-

front in dynamic robotic actuation over the past decade due to

their transparency, backdrivability, and force proprioception ca-

pabilities [11]. The REx Hopper takes full advantage of this de-

sign paradigm for leg actuation. Both leg actuators are composed

of modified RMD-X10 actuators, which have a 1:7 gear reduc-

tion. The outer shell of each actuator is replaced with a custom

version machined from 7075-T6 aluminum, which has additional

mounting points for various sections of the robot frame as well

as the motor controllers (ODrive Pro). In addition, the custom

shell is designed to serve as a heat sink for the motor controller

with the help of thermal pads.

2.3 Actuator Model

For the purposes of simulation fidelity, it is important to ac-

curately represent the physical behavior of the motors and gear-

ing through the use of an actuator model. An electric motor’s

torque saturates as a function of its speed. As described in [12],

equations (1) through (3) below are used to saturate the torque

output of each actuator given a current input and the motor’s an-

gular velocity at timestep k:

τk = KT ∗ ik (1)

τk,max =−ωk(K
2
T )/r+Vmax ∗KT/r (2)

−τk,max ≤ τk ≤ τk,max (3)

where i is the current input, τ is motor torque, KT is the torque

constant, r is armature resistance, τk,max is the maximum torque

at the current timestep, ω is motor speed in radians, and Vmax is

maximum voltage.

In addition, a low-pass filter is applied to the output to rep-

resent the specified torque bandwidth of the motor controllers.

This model is applied to the control inputs at every simula-

tion step based on each actuator’s specifications.

2.4 Leg Design

The vast majority of the REx Hopper’s mass is concentrated

in the body. This is because it is important to minimize distal

leg mass in order to better approximate a lumped mass dynamics

model. In addition, minimizing distal leg mass provides optimal

actuation bandwidth and impact mitigation [13]. The need for

distal actuation narrowed the mechanism selection for the leg to

three main types:

1. Two-actuator serial actuation as seen in [6] and [14]

2. Two-actuator parallel actuation as seen in [15]

3. A single-actuator belt-driven straight-line mechanism

While there are other methods for achieving a single-

actuator straight line mechanism, they were ruled out due to

concerns involving interrelated issues such as design complex-

ity, fragility, backlash, and cost.

A PyBullet simulation based on a simple mockup of the

robot was performed early in the design process to select the opti-

mal mechanism type. All three mechanism types were compared

on a basis of vertical jump height for a given body mass, and

actuator specifications using the actuator model described earlier

were taken into account. Types 1 and 2 were tested with both a

belt drive and a linkage. Type 2 was found to provide the best

ratio of jump height to actuator torque, an important factor due

to the torque limitations of quasi-direct drive electric actuators.

A five-bar linkage was chosen over a belt drive due to its

potential synergy with parallel spring mechanisms, which would

improve efficiency and flight time through energy storage. How-

ever, due to the control complexities it would introduce, the par-

allel spring is a future goal and is not currently implemented.

The leg design is depicted in Fig. 2 below. The approximate

forces acting on the joints were found through simulation, and

were used to perform finite element analysis on all of the leg

links. Links 0 through 2 are machined from 7075-T6 aluminum,

whereas Link 3 is composed of 3D-printed PLA. The hard stops

are damped with 3D-printed TPU. There are also hard stops built

into the base to prevent the Hopper from "kicking" itself.

The foot is composed of a machined aluminum 6061 core

with a polyurethane inner layer and a silicone outer layer, which

screws into Link 3 for easy interchangeability. A two-shot mold

was designed and used for foot fabrication.

2.5 Reaction Wheel Design

Reaction wheels consume power to produce torque as a

function of rotor speed, in the following relationship: P = τω .

This results in a very large power and energy cost per unit torque

generated, especially as rotor speed increases. As such, it is

highly advantageous to minimize rotor speed. There are further

reasons to reduce maximum rotor speed–for example, vibration

due to an offset center of mass is proportional to the square of the
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FIGURE 2: Annotated cutaway view showing the leg design

rotor velocity [5]. In addition, a lower maximum speed require-

ment for a given torque requirement allows for the use of axially

shorter, lighter motors. On the other hand, friction increases with

lower rotor speed, but this is of lesser concern.

To reduce rotor speed, acceleration should be minimized.

Angular acceleration is related to torque as τ = Jα , so the re-

action wheel’s polar moment of inertia J should be maximized.

On the other hand, mass should always be minimized, so the

ideal reaction wheel is as large in diameter and as thin as possi-

ble. This rule is only limited by practical concerns–for example,

if the reaction wheels are too large, they would come in contact

with the floor every time the Hopper makes a landing. To keep

the reaction wheels as thin as possible, the material of choice

should be rigid, durable, and dense, which is why they are ma-

chined from stainless steel.

A rudimentary mockup of the robot design was tested in the

PyBullet with a number of control policies, including Raibert

hopping (See Appendix B for more details). The maximum re-

quired torque and speed of each reaction wheel was recorded

after every design-and-test iteration and used to inform the next

version of the design. This informed the choice of motors. At

11 Nm for the pitch-and-roll wheels and 4 Nm for the yaw re-

action wheel, torque requirements for the REx Hopper’s reaction

wheel actuators are significantly higher than those on satellites

of similar size. On the other hand, rotor speed requirements are

lower, with a maximum motor speed of 3800 RPM. The reaction

wheel actuators are direct drive to completely avoid the issues of

FIGURE 3: Simulated power draw over a 3-second period

reflected inertia and backlash.

2.6 Batteries

The robot is powered by two high discharge lithium poly-

mer (LiPo) batteries through a custom designed power distribu-

tion PCB. The batteries are rated at 22.2V each and connected in

series for a nominal voltage of 44.4V. To minimize the weight of

the robot, the batteries have a capacity of just 1200 mAh. Using

the actuator model shown in equations (1) through (3), a method

for estimating the power draw of the robot was developed for the

PyBullet simulation. Fig. 3 shows the robot’s considerable power

draw during a highly athletic hopping sequence. In extreme situ-

ations, power draw can peak at 5 kW, and the robot’s batteries can

be depleted in as quickly as two minutes (Although this makes

the robot impractical, it’s acceptable during research and test-

ing). This is mainly due to the inefficiency of reaction wheels,

as mentioned earlier. The discharge requirements observed here

have been taken into account during battery selection–combined

in parallel, the batteries have a nominal power draw rating of 4.3

kW.

2.7 Power Distribution

The power distribution board connects the two batteries in

serial and outputs to the motor drivers. It also distributes power

to the main computer through a 60W isolated DC-DC converter.

Power is activated by using a hex key to turn a screw that closes

the circuit. When the hex key is inserted, it first activates a limit

switch connecting the batteries to the pre-charge circuit, which

charges the motor controller capacitors over the course of about

three seconds. This protects the capacitors from high inrush cur-

rent when the main circuit is closed. In addition, an arc suppres-

sion circuit protects the main power switch from sparking.

2.8 Computing and Communication

The main computer of the Hopper is an UP Xtreme i7-

8565U single board computer. A miniPCIe CAN bus card is

connected to it and used for CAN communication with the five

single-axis ODrive motor controllers. The CAN nodes are daisy

chained where proximity allows it. A LORD Microstrain 3DM-

CX5-25 AHRS is used to get the attitude estimate for the robot

base, whereas a WT901 IMU provides useful acceleration data

for the foot. Finally, the robot wirelessly receives motion capture
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FIGURE 4: The communication architecture

data from an Optitrack system by subscribing to its ROS node.

A diagram of the communication architecture is shown in Fig. 4.

2.9 Fall Protection

Any dynamic robot should be expected to fall over or crash

during testing, and therefore must be durable enough to take a hit.

There is reason for concern over the forces and torques acting on

the REx Hopper’s frame during a violent fall, especially because

the reaction wheels extend so far from the CoM and would likely

be spinning at high speed at the moment of impact.

As a last resort, a system of sacrificial guards protect the re-

action wheels from a direct hit in the event of a fall. Four carbon

fiber tubes are mounted to the center of the robot’s frame with

3D-printed clamps. These clamps are expected to structurally

fail on impact, and can be easily replaced. A pair of CFRP plates

protect the reaction wheels from the front of the robot. These are

also easily replaceable.

However, the REx Hopper is mainly protected during testing

by being harnessed. There are mounting points on the front and

back of the robot for this purpose.

Hardware Testing

So far all actuators and sensors are fully operational. The

next step for hardware testing is to tune a simple PID controller

to balance the robot in a standing position. Testing this is some-

what difficult because the robot cannot start from a standing po-

sition on its own, and having a human hold the robot in place

is both dangerous and inconsistent. A testing jig is currently in

the works to allow the robot to start from a standing position.

However, to make future testing more practical, the robot should

be capable of standing up from a sitting position. A sit-to-stand

control sequence has already been successfully tested in simula-

tion.

FIGURE 5: The REx Hopper harnessed to a gantry

3 SOFTWARE DESIGN

The majority of the simulated control experiments discussed

in this work were written in Python, using PyBullet for simula-

tion. However, the Python control stack (See Appendix for more

details) is far too slow to run on the physical robot, so the control

stack has been rewritten in C++17. The new C++ control stack

uses MuJoCo for simulation.

The control stack is written to be highly polymorphic; both

the simulation and hardware can be called from the same exe-

cutable without re-compilation.

3.1 Parallelism and Timing

The main control loop can currently run at 1 kHz in real

time; however, MPC has not yet been implemented on the C++

stack and this may change the situation. On the other hand, there

are plans to switch the UP Xtreme’s Linux kernel to a pseudo-

realtime version to improve the timing accuracy of the system.

The CAN buses (See Fig. 4) run the CAN 2.0 protocol, com-

municating with the ODrives at a baud rate of 1M. Joint space

position, velocity, and torque commands are sent from the main

computer to the ODrives, which then execute low-level PID con-

trol at 8 kHz. The main control loop does not hang to receive

updated joint positions and velocities from the ODrives. Instead,
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FIGURE 6: The control framework

a regular "heartbeat" message from the ODrives containing joint

information is picked up asynchronously.

Both the Optitrack system and the LORD Microstrain

AHRS communicate with the main computer through ROS

Nodes. ROS provides an easy method for parallelization, pre-

venting the main control loop from hanging while the external

devices are queried. A ROS publisher and subscriber for the

WT901 IMU is currently in the works as well.

It is notable that the Optitrack system and the WT901 IMU

update at a sluggish rate of 200 Hz, and the LORD Microstrain

AHRS updates at 500 Hz. This presents a state estimation chal-

lenge. One potential solution in the works is to use polynomial

regression to feed extrapolated predictions of the current state

into the Kalman filter.

4 CONTROL FRAMEWORK

The hybrid control framework is illustrated in (Fig. 6). The

model predictive controller computes linear and angular im-

pulses based on its lumped mass dynamics formulation to match

the reference trajectory. During the stance phase, the operational

space controller converts linear impulse commands to leg actu-

ator torque commands, and during the flight phase it tracks the

world frame position of the next footstep setpoint. The reaction

wheel controller converts angular impulse commands to reaction

wheel torque commands in both the stance and flight phases.

4.1 Gait Scheduling

The REx Hopper gait is characterized by two phases: stance

and flight. A "contact map", C, encodes the sequence of planned

phases across each timestep in the planned trajectory. C is gener-

ated during the initialization routine using the following formula

as presented in [16]:

φk = mod(
tk − t0

T
,1) (4)

Ck =

{

0 φk > φswitch (Flight)

1 φk ≤ φswitch (Stance)
(5)

Where the planned gait period T and the switching phase

φswitch are constants which must be manually tuned. Based on

experimental results with Raibert hopping, a gait period of 0.8

seconds and a switching phase of 0.5 were found to work well.

During initialization, t0 is chosen depending on where in the

gait cycle the reference trajectory should start. Usually, to start

from a standing position requires starting the gait cycle halfway

through the stance phase, so t0 =
1
2
T φswitch.

4.2 Reference Trajectory

During initialization, a reference trajectory XREF of the state

at each timestep is generated. In this paper, we explore reference

trajectories generated using a starting state X0 and a final state

XF . Changes in position are interpolated between X0 and XF .

The quality of the reference trajectory is critical to the per-

formance of the model predictive controller. It should be as close

to dynamically feasible as possible. Because the robot is a hop-

per, its CoM moves up and down in a sinusoidal pattern. As

such, it is necessary to generate a sinusoidal trajectory for the

z-axis position that matches the hopper’s natural behavior.

zk = h+A sin(
2π

T
k∆t +φshift) (6)
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Where h is the starting height, A is the amplitude, and φshift

is the phase shift. Again, these constants must be experimentally

or heuristically chosen. A good heuristic for the amplitude was

found to be A = T
4

. This works well for a range of gait periods.

The phase shift should be equal to 3π
2

given that the hopper starts

at the bottom of the trough. Note that it is important for the

reference trajectory to match the contact map. This should occur

naturally given the use of the same T as well as a t0 and φshift that

match each other.

As a final step in the formation of the reference trajectory,

velocities are calculated based on the changes in position. Refer-

ence attitudes are left constant in the scope of this paper, although

more complex reference trajectories with attitude changes will be

tested in the future.

4.3 Footstep Planning

Planned footstep locations are based directly on the refer-

ence trajectory: one footstep location is placed underneath each

trough of the sine wave. It was experimentally found that plac-

ing footsteps slightly behind the local minima results in the best

performance. This works well for trajectories that travel straight

forward, but a more complex footstep planning scheme will be

necessary in the future.

An array of footstep positions is generated such that each

timestep k corresponds to the appropriate footstep position in the

reference trajectory. At the start of the flight phase, a foot po-

sition trajectory is generated as a cubic spline from the foot’s

current location to the next footstep location, and a foot velocity

trajectory is generated based on the position trajectory. The foot

is then commanded to track these trajectories in the world frame

during the flight phase. This prevents jerky behavior during flight

and allows the foot to make contact with the ground at the correct

location, on schedule.

4.4 Footstep Adaptation

The footstep position must be updated when contact is made,

changing from the planned footstep location to the actual foot-

step location. This is critical because the centroidal MPC re-

ceives footstep position as an input. It is notable that while the

footstep position and trajectory is updated every time the robot

makes contact with the ground, the CoM reference trajectory is

not. It is possible that better performance can be achieved by

updating the CoM reference trajectory as well, and this will be

investigated in the future.

4.5 Task Space Leg Control

During the stance phase, desired ground reaction forces are

translated into joint torques using

τ = J⊤R⊤ f (7)

where J is the forward kinematic jacobian, R is the rotation

matrix from the world frame to the body frame, and f is a vector

of world frame forces generated by the MPC. During the flight

phase, the end effector (foot) is commanded to follow the foot

reference trajectory using the swing leg control described in [17].

4.6 MPC with Point Mass Dynamics

Model predictive control was explored with two different

lumped mass dynamics formulations: a point mass model and

a centroidal model.

By offloading the attitude control task to a low-level con-

troller, it is theoretically possible to remove attitude from the

MPC dynamics through the use of a point-mass dynamics

model–and as a result, vastly improve computational speed. This

made possible by the three-axis reaction wheel actuator array,

which can theoretically provide full control over the robot’s atti-

tude.

The continuous-time point mass dynamics are shown below

in standard linear time-invariant form. In this formulation, the

robot is approximated as a single point mass body subject to

gravity and capable of exerting linear impulses.

X =
[

x y z ẋ ẏ ż
]⊤

(8)

U =
[

fx fy fz

]⊤
(9)

G =
[

0 0 0 0 0 −g
]⊤

(10)

A =

[

03 13

03 03

]

(11)

B =

[

03

13
1
m

]

(12)
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FIGURE 7: Comparison of the net impulse (red) calculated by

the point mass MPC and the force vectors (gray) outputted by

the leg as the CoM passes over the footstep position.

Due to the linear time-invariant nature of its dynamics, the

timestep size is only limited by the hybrid nature of the point

mass MPC. As such, each timestep corresponds to either a stance

or flight phase, vastly improving computational efficiency. As

shown in Fig. 7, this means that the point-mass MPC only calcu-

lates net impulses over an entire stance phase, ignoring footstep

position. This is an important consideration to note, because the

force output vector of a hopper generally rotates as its center of

mass (CoM) passes over the footstep location. As such, the task

of converting these net impulses to footstep force vectors is left

completely to a low-level controller.

The MPC is formulated as a convex QP using the point mass

dynamics as a constraint, as shown in (9) through (17). The dy-

namics are discretized using the matrix exponential as shown

in [18]. In addition, the horizontal output forces are limited

by linearized friction cone constraints during the stance phase,

and vertical force is limited by a user-specified maximum output

force. During the flight phase, all output forces are constrained

to zero.

min
X ,U

N

∑
k=0

‖Xk −XREF,k‖Q+‖Uk −UREF,k‖R (13)

s.t. Xk+1 = AdXk +BdUk +Gd ∀k (14)

0 ≤ fz,k ≤ fz,max ∀k ∈ C (15)

−µ fz,k ≤ fx,k ≤ µ fz,k ∀k ∈ C (16)

−µ fz,k ≤ fy,k ≤ µ fz,k ∀k ∈ C (17)

fx,k = 0 ∀k /∈ C (18)

fy,k = 0 ∀k /∈ C (19)

fz,k = 0 ∀k /∈ C (20)

4.7 MPC with Centroidal Dynamics
While the point mass formulation has the advantage of com-

putational speed, planning with attitude can be highly advanta-

geous for a dynamic robot. This motivates the use of the cen-

troidal dynamics formulation shown in equations (21) through

(26), which accounts for attitude and rotational dynamics.

Unlike the point mass formulation, here the control forces

are calculated in the body frame. This is required because the

REx Hopper leg is planar, with motion in the body frame’s x-

and z-axes only. This allows B fy to be constrained or removed

accordingly. The control torques are also calculated in the body

frame in order to limit them based on the torque limits of the

reaction wheel actuators.

The rotation matrix Rz(ψ) used here is a simplification of

the rotation matrix translating angles in the world frame to the

body frame as detailed in [17].

X =









W P3×1
W Θ3×1
W Ṗ3×1
W ω3×1









(21)

U =

[

B f3×1
Bτ3×1

]

(22)

G =









03×1

03×1
W g3×1

03×1









(23)

A(ψ) =









03 03 13 03

03 03 03 Rz(ψ)
03 03 03 03

03 03 03 03









(24)

B(ψ,r) =









03 03

03 03
1
m

Rz(ψ)⊤ 03
W I−1Rz(ψ)⊤[Br]× W I−1Rz(ψ)⊤









(25)

W I−1 = Rz(ψ)BI−1Rz(ψ)⊤ (26)
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FIGURE 8: (Left) The Raibert hopping trajectory simulated in PyBullet. (Middle) The point mass simulation of the hopper with point

mass MPC. (Right) The SE(3) simulation of the hopper with centroidal MPC.

Where BI and W I are the inertia matrix in the body frame

and the inertia matrix in the world frame, respectively.

The full optimization problem is as shown below.

min
X ,U

N

∑
k=0

‖Xk −XREF,k‖Q+‖Uk −UREF,k‖R (27)

s.t. Xk+1 = AkXk +BkUk +Gd ∀k (28)

0 ≤ fz,k ≤ fz,max ∀k ∈ C (29)

fz,k = 0 ∀k /∈ C (30)

fy,k = 0 ∀k (31)

−µ fz,k ≤ fx,k ≤ µ fz,k ∀k (32)

− τmax ≤ τk ≤ τmax ∀k (33)

It is critical to note that the dynamic system used here is by

default nonlinear: A(ψ) is a function of the yaw angle ψ , and

B(ψ,r) is a function of both ψ and the vector from the foot-

step location to the CoM, r. However, the system can be ap-

proximated as linear time-varying through sequential quadratic

programming: at the beginning of each MPC run, the vector of

states generated by the previous solve is shifted forward in time

and concatenated with the new initial state X0 to form a guess

Xguess for the new optimization run. This Xguess, along with an

array of planned footstep positions generated by the gait planner,

provides the rk and ψk predictions necessary to build a the pre-

dicted Ak and Bk matrices across the entire MPC horizon. On the

first run, Xguess is generated using the reference trajectory. Here,

A, B, and G are discretized using the forward Euler method for

computational speed.

5 RESULTS AND DISCUSSION

Control experiments were implemented in Python, and both

dynamics formulations were first tested in simplified simulation

environments. The full control framework and MPC were then

tested on a full simulation of the robot in PyBullet at 1 kHz.

5.1 Raibert Hopping Results

Raibert heuristic-based hopping control [8] was used as a

basis of comparison against the MPC formulations. This "Raib-

ert hopping" method is highly computationally efficient, but is

somewhat inaccurate and requires extensive manual tuning for

even small adjustments. In addition, Raibert hopping is limited

to force output in the body frame z-axis and is unable to make use

of the REx Hopper’s x-axis force output. Another downside is

that Raibert hopping cannot reliably manage both the robot’s po-

sition and the reaction wheels’ rotor speed, which leads to even-

tual failure once any one of the reaction wheels’ rotor speeds

saturate. Despite these disadvantages, highly dynamic continu-

ous hopping has been achieved in simulation using the Raibert

heuristic. As shown in Fig. 8, Raibert hopping was successfully

used to command the robot to move from (x,y) position (0, 0) to

position (2, 2).

For more information on the Raibert hopping method used

here, see Appendix B.

5.2 Point Mass MPC Results

The point mass MPC was first simulated using Equations (8)

through (12) with classic Runge-Kutta integration. The results

are similar to those obtained with Raibert hopping, as shown in

Fig. 8.

However, we encountered issues in the application of the
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point mass MPC to the full simulation and control framework in

PyBullet. As previously mentioned, the point mass MPC only

generates a net impulse over the stance phase and the low-level

controller is left with the task of converting that net impulse into

a series of force vectors for each low-level timestep. However,

the operational space controller currently uses a fixed-base for-

mulation, and does not consider the dynamical behavior of the

robot base or the use of the reaction wheels. Attempting to track a

world frame footstep position while applying force using this op-

erational space controller results in reaction torques on the body

which the attitude controller (See Appendix B) must reactively

counter to maintain the correct body attitude. In practice, the at-

titude controller was unable to generate the correct torque profile.

5.3 Centroidal MPC Results

The centroidal MPC was first simulated with the SE(3) dy-

namics presented in [19] and classic Runge-Kutta integration.

The MPC uses a horizon of 0.3 seconds divided into 30 steps

of size 0.01 seconds. Results for hopping straight forward in the

simplified simulation are as shown in Fig. 8. The centroidal MPC

is also able to follow a curved reference trajectory, but only if the

y-axis body rotation constraint is removed.

Fig. 10 shows results for full REx Hopper simulation in Py-

Bullet with centroidal MPC attempting to track a sinusoidal ref-

erence trajectory over a timespan of 10 seconds. As you can

see, the hopper diverges from the reference trajectory within the

first 3.5 seconds. It is notable that despite the centroidal MPC’s

lack of robustness, it shows significantly greater accuracy than

the Raibert heuristic-based method.

Fig. 9 shows the reference versus measured reaction forces

between the foot and ground during that 3.5 second period, show-

ing that they are accurate and on-time. This implies that the fault

is in either the MPC or the reference trajectory, or both. It is

not surprising that the reference trajectory is imperfect, as it was

manually created and tuned. One way to improve the reference

trajectory would be to generate it using offline nonlinear opti-

mization with the full dynamics of the system. Another potential

strategy would be to update the CoM and footstep trajectories

online such that the robot can adapt to error. One challenge with

this method would be generation of realistic roll trajectories for

lateral movement.

5.4 Future Work

Testing of the C++ control stack on the hardware is ongoing,

and we expect to perform a balancing test on the physical robot

soon. We will also implement the centroidal MPC on the C++

control stack and test it on the hardware. On the controls side, we

will continue to troubleshoot the centroidal MPC’s robustness is-

sues. We will experiment with adaptive reference trajectory plan-

ning. Another helpful improvement would be the addition of an

angular momentum state to the dynamics to minimize flywheel

speed.

While the centroidal MPC showed better performance in the

experiments conducted here, there still exist potential improve-

ments to the point mass MPC formulation (such as the use of

whole body control in the world frame) which may be explored

if computational cost is enough of a concern.

FIGURE 9: Ground reaction forces compared to reference forces

in the world frame, as well as scheduled vs detected ground con-

tact.

In terms of hardware design, the REx Hopper’s main flaw is

its excessive power draw. This is due in part to the Hopper’s rel-

atively high mass and inertia, which necessitates greater angular

impulses from the reaction wheels, driving their acceleration and

speeds higher, which wastes energy. Given the time frame for

the project, we were more interested in developing a robot that

"works" than a mass-optimized one. There is significant room

for mass reduction in future iterations of the REx Hopper through

topology optimization and other methods.

6 CONCLUSION

In this work, we introduced a system design and several cor-

responding control frameworks for a monopodal hopping robot

with reaction wheels. The REx Hopper has power autonomy,

is capable of expensive online computation, and is designed for

agile movement in 3D. In full simulations of the REx Hopper,

our MPC demonstrated the ability to follow a sinusoidal refer-

ence trajectory. The engineering work presented here lays the

groundwork for the use of highly agile monopod robots to test

novel control algorithms. Beyond the controllers discussed in

this work, one such algorithm we plan to test with the REx Hop-

per is the contact-implicit MPC described in [10].
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FIGURE 10: Trajectory of the REx Hopper in PyBullet simula-

tion using MPC with centroidal dynamics.
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Appendix A: Design Files and Code
The source code and design files for this project are available

in the following repositories.

• Point-Mass Simulation with MPC

https://github.com/bbokser/hopper-mpc-point

• Inertial Simulation with MPC

https://github.com/bbokser/hopper-mpc-inertial

• Python Control and Simulation Stack

https://github.com/RoboticExplorationLab/rex-

hopper-python

• Symbolic Math for C++ Code Generation

https://github.com/bbokser/hopper-symbolics

• C++ Control and Simulation Stack

https://github.com/RoboticExplorationLab/RExHopper

• Power Distribution Board Design

https://github.com/bbokser/hopper-power-dist

Appendix B: PID-Driven Attitude Control
A simple PID-driven attitude controller for the roll and pitch

axes is presented here which is used for a standing controller and

Raibert hopping. The attitude controller takes the attitude quater-

nion of the robot’s base QIN as an input and attempts to rotate the

robot into a reference attitude represented by QREF . To do this,

the quaternions must be transformed into an angle error about

each reaction wheel axis. Firstly, for the pitch and roll axes, the

z (yaw) axis rotation should be removed. This can be done by

transforming a reference forward vector by the quaternion and

then calculating the rotation between the two vectors in the x-y

plane:

~v1 =
[

1 0 0
]

(34)

~v2 = H⊤L(QIN)R(QIN)
⊤H~v1 (35)

γ = atan2(~v2x,~v2y)−atan2(~v1x,~v1y) (36)

Qγ = (cos(
γ

2
),0,0,sin(

γ

2
) (37)

QXY = L(Q−1
γ )⊤QIN (38)

Where L(Q), R(Q), and H are defined in [19]. Next, because

the roll and pitch reaction wheels are mounted at 45 degrees from

the sagittal plane, QXY must be rotated by ζ = ± 45π
180

in the yaw

axis before being used.

Qζ = (cos(
ζ

2
),0,0,sin(

ζ

2
) (39)

QRW = L(Qζ )
⊤QXY (40)

A vector ~v1, representing a straight line pointing upward, is

then rotated by QRW to get ~v2, a vector representing the robot’s

"up" vector in the reaction wheel frame due to its attitude.

~v3 =
[

0 0 1
]

(41)

~v4 = H⊤L(QRW )R(QRW )⊤H~v3 (42)

Finally, the signed angle between ~v3 and ~v4 in the reaction

wheel frame’s y-z plane is found.

θi = atan2(~v4z,~v4y)−atan2(~v3z,~v3y) (43)

Where θi represents the angle of the robot base in the axis of

the pitch and roll reaction wheels i = 1,2. However, the calcula-

tion performed for the yaw reaction wheel is simpler: there is no

yaw cancellation, no 45-degree rotation, and the signed angle is
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found in the x-y plane. A similar set of operations is performed

to obtain θREF , the desired angle in each reaction wheel frame.

PID control is then performed on the difference between θ and

θREF , with the output being reaction wheel torques. To prevent

the reaction wheel rotor speeds from saturating, the PID loop

is cascaded, with a velocity compensation term that attempts to

drive the reaction wheel velocity to zero being fed into θREF .

The PID-driven attitude controller is combined with the

methods described in [8] to test dynamic movement on the REx

Hopper.
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